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Abstract 



In this paper, we study the 3D Lame system and establish its weighted positive 
definiteness for a certain range of elastic constants. By modifying the general 
theory developed in [4], we then show, under the assumption of weighted positive 
definiteness, that the divergence of the classical Wiener integral for a boundary 
point guarantees the continuity of solutions to the Lame system at this point. 

1. The Main Results 
In our previous work [1] , we studied weighted integral inequalities of the type 

(1) / Lu ■ ^udx > 



Ju 

for general second order elliptic systems L in K™ (n > 3). For weights that are 
smooth and positive homogeneous of order 2 — n, we have shown that L is positive 
definite in the sense of ([1]) only if the weight is the fundamental matrix of L, possibly 
multiplied by a semi-positive definite constant matrix. 

A question that arises naturally is under what conditions are elliptic systems 
indeed positive definite with such weights. Although it is difficult to answer this 
question in general, we study, as a special case, the 3D Lame system 

Lu = —Au — a graddiv u, u = (u\, U2, W3) T 

in this paper, deriving sufficient conditions for its weighted positive definiteness and 
showing that some restrictions on the elastic constants are inevitable. By modifying 
the general theory developed in [4] , we then show that the divergence of the classical 
Wiener integral for a boundary point guarantees the continuity of solutions to the 
Lame system at this point, assuming the weighted positive definiteness. 
We first recall the following definition. 

Definition 1.1. Let L be the 3D Lame system 

Lu = —Au — a graddiv u = —DkkUi — aDkiUk (i = 1, 2, 3), 

where as usual repeated indices indicate summation. The system L is said to be 
positive definite with weight ^(x) = (^ij(x))i j = \ if 

(2) / (Lu) T ^udx = - [D kk Ui(x)+aD ki u k (x)]uj(x)^ i: j(x)dx>0 
Jr 3 Jr 3 

for all real valued, smooth vector functions u = (iti)| =1 , Ui € C^R 3 \ {0}). As 
usual, D denotes the gradient {D\, D2, D^) T and Du is the Jacobian matrix of u. 
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Remark. The 3D Lame system satisfies the strong elliptic condition if and only if 
a > — 1, and we will make this assumption throughout this paper. □ 
The fundamental matrix of the 3D Lame system is given by $ = (^y)f?=i5 
where 

(3) $y ; = c a r~ x (Sij + — ^UiUj) (M = 1,2,3), 

rv 4- 2 

> 0. 



87r(a + 1) 



As usual, 6ij is the Kronecker delta, r = \x\ and u>i — Xi/\x\. 
The first result we shall prove in this paper is the following 

Theorem 1.2. The 3D Lame system L is positive definite with weight $ when 
ct_ < a < OL)_, where a_ w —0.194 and a+ ~ 1.524. It is no£ positive definite with 
weight $ w/ien a < at ] « -0.902 or a > w 39.450. 

The proof of this theorem is given in Section [2j 

Let Q, be an open set in R 3 and consider the Dirichlet problem 

(4) Lu = f, n e C °°(tt), u* e ff x (0). 

As usual, i^f 1 (SI) is the completion of Cg°(f2) in the Sobolev norm: 

r i 1 / 2 

ll/Hiri(Q) = [ll/IL 2 (n) + ll^/lli^n)] 
Definition 1.3. The point P S dfl is regular with respect to L if, for any f — 
(/t)i=n fi e Co°(^)» ^ e solution of (@| satisfies 

(5) lim Ui(a;)=0 (i = 1,2,3). 

Definition 1.4. The classical harmonic capacity of a compact set K in R 3 is given 
by: 

cap(X) = inf jj^ |£/(x)| 2 <fa : / G .4(X)j, 

^(if) = |/ e C5°(R 3 ) : / = 1 in a neighborhood of k\. 

Note that an equivalent definition of cap(if) can be obtained by replacing A(K) 
with Ai(K) where 

Ai(K) = {fe C °°(R 3 ) : / > 1 on k}. 

( [3], sec. 2.2.1). 

Using Theorem II. 2\ we will prove that the divergence of the classical Wiener 
integral for a boundary point P guarantees its regularity with respect to the Lame 
system. To simplify notations we assume, without loss of generality, that P = O is 
the origin of the space. 

Theorem 1.5. Suppose the 3D Lame system L is positive definite with weight $. 
Then O € dfl is regular with respect to L if 

(6) / cap(S p \ n) p- 2 dp = oo. 



As usual, Bp is the open ball centered at O with radius p. 
The proof of this theorem is given in Section [3l 
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2. Proof of Theorem 11.21 
We start the proof of Theorem 11.21 by rewriting the integral 

(Lu) T $udx = - I (D kk Ui + aD ki Uk)uj$ij dx 

into a more revealing form. In the following, we shall write J f dx instead of 
J* K 3 / dx, and by we always mean 53i=i u ii> to express ($^ i=1 ua) 2 we will write 
uuUjj instead. Furthermore, we always assume Ui € Cq 



stated. 

Lemma 2.1. 

(7) 

where 



unless otherwise 



{Lu) T <S>udx = -|u(0)| 2 +£g(u,u) 



38(u,u) = — J (ujD k u k - UkD k <Uj)Di®ij dx 

+ J (DkUiDkUj + (\lh'ii />,'/ , )<!',,, dx. 



Proof. By definition, 

J (Lu) T $u dx — - J D kk Ui ■ Uj<&ij dx - a J D kl u k ■ dx =: h + h- 

Since <I> is symmetric, we have <5>ij = <&ji and 
h = - J DkkUi ■ Uj^ij dx 

Dkk{u l uj) -2DkUiDkUj $ijdx 

DkUiDkUj ■ $ij dx. 



= 2 J "'"■' / ' ) ' * dx 
On the other hand, $ is the fundamental matrix of L, so we have 

-Dkk^ij - aD^kj = StjS(x), 

and 



If 1 

- / UiUjDkk^ij dx = - 



UiUj 



dx 



SijS(x) + aDki^kj 
i|u(0)| 2 - ^ J (DiUi ■ Uj + UiDiUj)D k $kj dx 
\\u{Q)\ 2 - 7: [ (D k u k ■ Uj + UkDkUj)Di§ i: j dx. 



Now In can be written as 



I^ajDkUk(D lUr ^ + u 3 D^)dx, 
and the lemma follows by adding up the results. 



□ 
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Remark. With replaced by &y(x) :— $(a; — y), we have 

[Lu) T <& y udx = J {Lu y ) T <&Uydx (u y (x) — u(x + y)) 

= \Wy(0)\ 2 + @(u y ,Uy) =: -\u(y)\ 2 + @ y (u,u), 

where 

SSyiu.u) = — / (ujDkUk - UkDkUj)Di<b V M dx 



J (D k UiD k Uj + aDf-UkDiU^Qy^j dx. 



□ 



To proceed, we introduce the following decomposition for Cq°(]R 3 ) functions: 
f{x) = f(r)+g(x), fe C °°[0,oo), g e C °°(]R 3 ), 

where 

f(r) = ^j J(rcj)da. 

Note that 

/ g(rw) da = 0, Vr > 0, 

so we may think of / as the "0-th order harmonics" of the function /. We shall 
show below in Lemma l2~2l that all 0-th order harmonics in ([7]) are canceled out, so 
it is possible to control u by Du. 

Lemma 2.2. With the decomposition 

(8) mix) = u t {r) +v,(x) (i = l,2,3) 



wh 



ere 



-in 



Ui(r) = — / Ui(rw) da 



Vr>0 (i = 1,2,3), 
Vi(rw) da = 



we have 



(9) J {Lu) T <$>udx = i|u(0)| 2 + ^*(w,u) 

w/iere 



(10) u) = - / (tyAfeV* - r,,/.),,r, )/),<!>, , 

+ J (D k UiD k u.j + n/> ; , ,/. /),/;.)<!>,. dx. 

Proof. By Lemma |2.1[ it is enough to show 

J (ujD k u k - UkD k Uj)Di$ij dx = J (vjD k v k - vuDuv^D^^ dx. 
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Since 



[ujD k u k - u k D k Uj)Di$ij dx 

= j(u jDk u k - u k D k u s ) A*« dx + - ^) d* 

+ J (vjD k u k - /'/. /•>;,// , )/->,<!>, , da; + / \vjD k v k - a /);. r, )/),<!>, , 



=: Ji+Ja + /3+i4, 
it suffices to show Ji = J2 = I3 = 0. Now 

Q 



-2 s 1 L a« _2 
-C Q r UJidij + 



(11) 

where 



a + 2 

c n a 



-c a r LOi 



a + 2 



r ujj =: d a r ujj. 



d n = 



-2c 



-1 



a a + 2 47r(a + l)' 



We have 

Ji = d a J r~ 2 ujj(ujD r u k ■ oj k — u k D r Uj ■ uj k ~) dx 

= d a Jr-^u j D r u k .^ k -u k D r u j .^ j )d X = 

h = d a j r-» (vjD r u k • UjU „ - v k D r Uj • ^ dx = 0. 
As for ^2, we obtain 

J 2 = d a I ' r~ 2 (UjD k v k ■ ujj - u k D k Vj ■ Uj) dx 

r~ 2 (v,jD k v k ■ ujj - UjDjVk ■ UJ k ) dx 

Uj{e)v k (eu))WjW k - Uj(e)v k (eu)(JjW k 



(D r = d/dr) 



— lim d a 



lim d a 



da 



v k r 



-2ujLUjUj k + rD r Uj ■ LUjUj k + Uj(8j k — LOjW k ) 



v k r 



-2ujWjU k + rD r Uj ■ ojjUj k + u 3 (8 k j — w k uij) 



dx = 0. 



The result follows. 

Remark. With replaced by & y (x) := $(x — y) and (|HJ) replaced by 

m(x) = Ui(r y ) +Vi(x) (i = 1,2,3), 
where r y = \x — y\ and 



u i( r y) — T~ I Ul ^y + r v lAj ) d a 



4-7T 



s 2 



Vi(y + r y uj) da = 



y ry >o [i = 1,2,3), 
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we have 



where 



{Lu) T <S> y udx = -\u(y)\ 2 + S$*(u,u) 



&*(u 7 u) = ^ J (vjD k v k - r, lh <•/) /),<!>.,.,, dx 



D k UiD k Uj + aD k u k D l u i )^> V i j dx. 



□ 

In the next Lemma, we use the definition of $ and derive an explicit expression 
for the bilinear form 38* (u, u) defined in (fTTTj) . 



Lemma 2.3. 

(12) @*(u,u) = c 



a + 2 



v k (D k v) ■ lo - (divv)(i> • uj) 



\D r u\ 2 + a^^-iDrUifw 2 + \Dv\ 2 + a{divv) 2 
a + 2 

2 

+ — ^d(£>fc«) • + -^—(div v)[ui(Div) ■ uj] 
a+2 a+2 

+ a — — (D r u ■ £j)(divu) + a(D r u ■ uj)\ujADiV) ■ uj] 

a + 2 



dx. 



Before proving this lemma, we need a simple yet important observation that will 
be useful in the following computation. 

Lemma 2.4. Let g e Cg°(R 3 ) be such that 



s 2 



g{ruj) da — 0, Vr > 0. 



Then 



f(r)g(x) dx = 
r~ l Df{r) ■ Dg(x)dx = 



V/eC °°[0,oo). 



Proof. By switching to polar coordinates, we easily see that 



f(r)g(x)dx= j r 2 f(r)dr I g(ruj) da = 0. 
o Js 2 



On the other hand, 



J r~ 1 Df{r) ■ Dg(x) dx = J r _1 D r f D t g ■ uj 1 dx 

= - J g[-r- 2 (D r f)L0 2 +r- 1 (D rr f)uj 2 +r- 2 D r f(S u -uj 2 ) 
= - J g(r- 2 D r f + r- 1 D rr f) dx = 0, 
where the last equality follows by switching to polar coordinates. 



dx 



□ 
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Proof of Lemma [Ql By definition, 

Z@*(u,u) = — J (vjDkVk - VkDkVj)D t <&ij dx 

+ J [DkUiDkUj + aD k u k DiUj)<&ij dx =: h + h- 
We have shown in Lemma l2~2l that (see (fTTj)) 



h =2 1 ad a j r 2 ui i {y 1 D k v k - v k D k v.j) dx 



a + 2 



v k (D k v) ■ u> - (divv)(v ■ u>) 



dx. 



On the other hand, 



h = c a J r 1 D k u l D k u i dx + / r 1 D k u l D k u j ■ uiiUij dx 



+ c a a / r l D k UkD i u i dx + " / r 1 D k u k D. 
J a + 2 J 

=:h + h + h+I & . 
Substituting u, = Ui + Vi into Is and using Lemma 12.41 yields 



t Uj ■ LOiUjj dx 



h = c a Jr 1 (D r u l D r u i -wl + D k v l D k v i )dx + 2c a Jr 1 D k u i D k v l dx 



(13) 
Next, 



-(|A.t2| 2 + \Dv\ 2 ) dx. 



h = c a a J r 1 (D r u k D r Ui ■ ui k u)i + 2DiViD r u k ■ Wfc + D k v k DiVi) dx. 
Note that for k ^ i, 

r _1 D r u k D r Ui ■ ui k UJi dx — J rD r u k D r Ui dr j U! k Ui da = 0, 
and therefore 



h = c a a j r 



(D r v,i) 2 ujf + 2(divv)(D r u ■ u) + {divvf 



dx. 



As for I4, 



h = 



c a a 
a + 2 

c a a 
a + 2 



a + 2 



r 1 D k (iii + Vi)D k (iij + Vj) ■ UiUJj dx 

r~ x {D r UiD r Uj ■ uJiLUjLu 2 + D r UiD k Vj ■ UiUijU) k 

+ D k ViD r Uj ■ uoiUOjUo k + DkViDkV-j ■ LOiUjj) dx 
(DrUifuj 2 + 2(D r u ■ uj)[u k (D k v) ■ ui\ + \D k v ■ lo\ 2 



dx. 



8 



G. LUO AND V. G. MAZ'YA 



Similarly, 



c a a 
a + 2 

9 

c a a 
a + 2 



c a a 
a + 2 



r 1 D k (u k + v k )Di(uj + vj) ■ LOiUJ-j dx 

r~ x {D r U]~D r Uj ■ LofuijUJk + Dj-u^DiVj ■ LOiLOjUj^ 
+ DriijDkVk ■ uifuij + DkVkDiVj ■ lohoj) dx 



(D r Uj) u>j + {D r u ■ <jj)[u>i{Div) ■ lo] 
+ {D r u ■ lo) (div v) + (div v) [u>i (D^v) ■ lo] 



dx. 



The lemma follows by adding up all these integrals. 

With the help of Lemma [2751 we now complete the proof of Theorem 11.21 
Proof of Theorem By Lemma and [ 



where 



□ 



-c- 1 J (Lu) T $udx = )^c~ l \u{0)\ 2 + h + I 2 + h 



h 



\D r u\ 2 + o^^{D r u i f^ + ]Dv\ 2 



a + 2 



+ a(divv) 2 + —- \{D k v)-io\ 2 
a + 1 



dx, 



h = 



h = 



a /i- u \ i 3a + 4 _ 

-{drvv )\LJi ID iV) ■ u>\ + a —{L) r u ■ u))(arvv) 

a+2 a+2 



a(D r u ■ u>)[u>i(Div) ■ lo] 



dx, 



a + 2 



Vk(D k v) ■ lo - (divi>)(v • to) 



dx. 



Consider first the case a > 0. By switching to polar coordinates, we have 



h > / r 



\D r u\ 2 + a^^-(D r Ui) 2 u,f + \Dv\ 2 + a{divv) 2 



a + 2 



a 2a + 3 
+ 3 ' a + 2 

where we have written II • |L for 



L 2 (S 



D r u\\l+\\Dv\\l + a\\dWv\\l 
2\ and used the fact that 



dx 
dr. 



3 

/ {D r u i ) 2 L0 2 i da= -£y)(D r Ui) 2 = - / \D r u\ 2 da = -\\D r 
Js 2 t~i -> s2 
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Next, 
\h\ < 

< 



a + 2 



a + 2 



divv\\Dv\ + a 



3a + 4 
a + 2 



D r u ■ d\vv\ + a\D r u ■ uj\\Dv\ 



dx 



\torv\\ u \\Dv\\ u + -= 



a 3a + 4 , 



V3 a + 2 



A-wlLII divul 



^=||A-«IU|iMI<, 



dr, 



where we have used 



\\D r u ■ lu\\1j = I D r UiD r Uj • oJiUij da 
Js 2 



47T 



47T 



3 1 
Y^iDrU,) 2 = -\\D r 



i=l 



As for I 3 , we note that 



\h\< 



a 



< 



a + 2 

a 
a + 2 



r 2 {\ i v\\Dv\ + \v\\ divvQ dx 



/ ll u ll«(||-Df||u; + II divu|| w ) dr. 
Jo 



Since 2 is the first non-trivial eigenvalue of the Laplace-Beltrami operator on S 2 , 
we have 



Ml; 



f \v{rw)\ 2 da <\ f \D u [v{ruj)]\ 2 da 
Js 2 1 Js 2 



(14) 



r 
~2 



\{D„v){ru)\ 2 da < -\\Dv\\ 
s 2 ^ 



2 



where D u is the gradient operator on S 2 . Thus 
1 a 



\h\ < 



V2 a + 2 ,/ 
and by putting all pieces together we obtain 



\\Dv\\i + \\Dv\\„\\divv\\ u 



dr, 



(15) 
where 



h+h + h> / r(w T B+w) 
Jo 



dr, 



w = (\\D r u\\ u , \\Dv\\ u , || divw|| w ) T , 



B + = 



a 2a + 3 

1 + 3 ' a + 2 

a 



a 3a + 4 



2V3 



2V3 

a 3a + 4 a a + 2" 1 / 2 



2V3 a + 2 
_a a + 2- 1 / 2 

V2a + 2 2' a + 2 



2V3 a + 2 



a + 2 



a 
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Clearly, the weighted positive definiteness of L follows from the positive definiteness 
of because the latter implies, for some c > 0, that 



/>oo />oo 

/ r(w T B + vS} dr > c I r\w\ 2 dr 
Jo Jo 



> c 



r(\\D r u\\i 



\Dv\\ 



dr = 



\Du\ 2 dx. 



The positive definiteness of B + , on the other hand, is equivalent to the positivity 
of the determinants of all leading principal minors of B + : 

2a 2 + 6a + 6 



(16a) p+,i(a) 
P+,2(a) 

(16b) 



3(a + 2) 
1 



> 0, 



12(a + 2) 2 



4(1 - V2)a 3 - 12(3 - V2)a 2 



12(6 - V2)a - 



>0, 



a 



12(a + 2) 3 



6a 5 + (23 + 3V2)a 4 + (13 + 19\/2) 



a 



(16c) 



- (77 - 38V2)a 2 - (157 - 24^2)a - 96 



> 0. 



With the help of computer algebra packages, we find that (| 16|) holds for < a < oq_, 
where a + w 1.524 is the largest real root of p+,3. 

The estimates of I±, I2, and Z3 are slightly different when a < 0, since now 
the quadratic term a||divu|| 2 in I\ is negative. This means that it is no longer 
possible to control the || div terms in Z2, Z3 by a\\ diw|| 2 , and in order to obtain 
positivity we need to bound |j divu|| w by ||Z>v|| w as follows: 

lldivdl 2 , < 3\\Dv\\ 2 



This leads to the following revised estimates: 

h > r r \(l + f *2±£) \\D r u\\l + \\Dv\\l + M\Dv\\l + -^\\Dv\ 
Jo [V 3 a + 2 I a + 2 



dr. 



\h\< 
\h\< 

Hence 

(17) 

where 



V3a 2 t 



a + 2 
a 



Dv\\ 



3a + 4 M _.. 
a — LD r u 



V2 a 



\Dv 



a + 2- 

\l + VsWDvW 2 



\Dv\\ u - -y=\\D r u\\ 
dr. 



\Dv\ 



dr, 



h+h + h> r(w T B-w)dr, 
Jo 



w = (\\D r u\\ u , \\Dv\l 



B- 



a 2a + 3 
1-1 

3 a + 2 
a 3a + 4 a 
2 ' a + 2 2^M 



l + 3a 



a 3a + 4 
2 ' a + 2 

1 



2V3 



lW3 
V2 



V3 



a 
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The positive definitcncss of B- is equivalent to: 
2a 2 + 6a + 6 



(18a) p-,i(a) 
P-A a ) 

(18b) 



3(a + 2) 
1 



>0, 



-(2 + 7V3)a 4 + 2(15 + V2 - 11^3 + V6)a 3 



6(a + 2) 2 

+ 2(57 + 3V2 - 10\/3 + 3V6)a 2 + 6(20 + V2+ V&)a + 24 



>0, 



and p8p holds for a_ < a < 0, where a_ « —0.194 is the smallest real root of 

P-,2- 

Now we show that the 3D Lame system is not positive definite with weight $ 
when a is either too close to —1 or too large. By Proposition 3.11 in [1], the 3D 
Lame system is positive definite with weight $ only if 

E < 7 ^7^» > 0, V£ G M 3 , eS 2 (p = 1, 2,3), 

•.(8,7 

where 



.4 



07 _ 



and (see equation ([3])) 

= c Q r _1 ^. y - + -^-^^j) (hi = !> 2 ,3). 
This means, in particular, that the matrix 



A(u;a) := (^^SumY 

Vi=l / (9,7=1 



2(a + 2) 



2(a + l)(a + 2 + auj) a 2 wiw 2 



a 2 wia;3 



a 

2(a + 2 + aw 2 ) 

2(a + 2 + au 2 ) 



is semi-positive definite for any u> £ S 2 if the 3D Lame system is positive definite 
with weight $. But A(u>; a) is semi-positive definite only if the determinant of its 
leading principal minor 

2 (a + l)(a + 2 + aco 2 ) a 2 ujiuj2 



d 2 (w; a) := det 



a LO1U2 



2(a + 2 + au 2 ) 



= 4(a + l)(a + 2 + awf ) 2 - a^ujfuj^ 
is non-negative, and elementary estimate shows that 



min d 2 (uj; a) < d 2 [(2~ 1/2 , 2~ 1/2 , 0); a] 



= (a + l)(3a + 4) 2 - — =:q(a). 

It follows that the 3D Lame system is not positive definite with weight $ when 
q(a) < 0, which holds for a < a W « -0.902 or a > w 39.450. □ 
Remark. We have in fact shown that, for a_ < a < a+ and some c > depending 
on a, 

f(Lu) T <S>udx> l\u{0)\ 2 +c f \Du{x)\ 2 f^. 
J 2 J \x\ 
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If we replace $(x) by $ y (x) := $(x — y), then 

(Lu) T $ y u dx — [Lu{x + y)] T $u(x + y) dx 



> ol«(y)| 2 +c / \Du(x + y)\ 



, dx 



(19) 



\Du{x)\ 

\x-y\ 



dx. 



□ 



3. Proof of Theorem 11.51 
In the next lemma and henceforth, we use the notation 

\u(x)\ 2 dx, S p = {x : p < \x\ < 2p}, 



m p (u) = p 3 
MJu) = p- 3 



nnSn 



QnB n 



\u(x)\ 2 dx. 



Lemma 3.1. Suppose L is positive definite with weight $, and let u = (wi) 3 =1 , U{ € 
i^f 1 (SI) be a solution of 

Lu = on n i?2p- 

TTien 

/ [L(u?7p)] T <I> y u?7pC?x < CTOp(u), G Bp, 

w/iere ^(x) = r){x/p), n G Cg°(.B 5 / 3 ), r? = 1 on B 4/3 , and § y {x) = $(x - y). 
Proof. By definition of u, 

/ [L(u77 p )] T $ y u?7p dx = / [L(ur]p)} T $yUr]pdx - / (Lu) T $ y uri 2 dx, 
Jn Jn Jn 

where the second integral on the right side vanishes and the first one equals 

2D k u l D k n p + u l D kk ri P + a(DiU k D k r] p + D k UkD i rip + UkD ki r] p ) u j r] p (^y) ij dx. 



Note that Drj p , D 2 n p have compact support in R := B 5p / 3 \ B^ p / a , \D k i] p \ < cp fe , 
and 



I I < 



F - y\ 



< 



cp 



Vx G i?, Vy G Bp. 



Thus 



[L(u?7p)] T <i>j / M77p c?x < c 



p 2 |u||Z?u| dx + c 



nnR 



" 3 M 2 dx 



nnR 







1/2 




1/2 


< c 


p~ 3 / |w| 2 dx 




p" 1 / |L>u| 2 dx 


+ cp 








Jsinfl 





lul 2 dx. 



nns„ 



The lemma then follows from the well-known local energy estimate [5] 



1 f \Du\ 2 dx < p- 3 [ 
JnnR JnnSp 



dx. 



a 
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Combining ()19|) (with u replaced by wq p ) and Lemma 13. 1[ we arrive at the 
following local estimate. 



Corollary 3.2. Let the conditions of Lemma \3.1\ be satisfied. Then 

K?y)l 2 + l \ Du{ - x)] \ dx < cm p (u), Vyenn b p . 

JnnB p \x-y\ 

To proceed, we need the following Poincare-type inequality (see [2]). 

Lemma 3.3. Let u = (ui)f =1 be any vector function with Ui G H x (^t). Then for 
any p > 0, 

m p (u) < f / \Du\ 2 dx 

cap(S p \ n) J nnSp 

where c is independent of p. 

The next corollary is a direct consequence of Corollary 13.21 and Lemma 13.31 
Corollary 3.4. Let the conditions of Lemma \3.1\ be satisfied. Then 

\u(y)\ 2 +[ l -^^dx<—JL— -f \Du\ 2 dx, VyeOns p . 

JnnB p \ x ~ V\ cap(5 p \ Cl) J nnSp 

We are now in a position to prove the following lemma, which is the key ingredient 
in the proof of Theorem 11.51 

Lemma 3.5. Suppose L is positive definite with weight $, and let u = (uj)| =1 , Ui € 

H (CI) be a solution of Lu = on Q (~1 i?2fi- Then, for all p G (0, R), 

(20) ' ' 

f dx f R 

sup \u(x)\ 2 + / \Du(x)\ 2 — < ciM 2 r{u) exp -c 2 / cap(B r \ tt)r~ 2 dr 
xefinSp JnnB p Pi L J P 

where c±, C2 are independent of p. 
Proof. Define 

7 (r) := r^cap^ \ Q). 
We first claim that j(r) is bounded from above by some absolute constant A. 
Indeed, The monotonicity of capacity implies that 

ca.p(S r \ fi) < cap(£? r ). 

By choosing smooth test functions r/ r (x) = r)(x/r) with rj € C^°(i?2) and r/ = 1 on 
B3/2, we also have 

cap(B r ) < / iDrjr^dx < sup \Dn{x)\ 2 / r~ 2 dx 

JM 3 xeK 3 J B 2r 

32 

— 7T sup \Dn(x)\ 2 

Hence the claim follows. 

We next consider the case p G (0,i?/2]. Denote the first and second terms on 
the left side of (|20|) by ip p and ip p , respectively. From Corollary [331 it follows that 
for r < R, 

c c 

ip r + lp r < — ^-(^2r - VV) < —T^(^2r ~ "4>r + P2r ~ <Pr), 

7 ( r ) 1 ( r ) 
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which implies that 



(fir +1pr < 



c + 7(7-) 
Since j(r) < A and 



(ip 2 r + tp2r) 



ce 



c 7(r) 



c + 7(r) 



" C07(r) (^2r+^2r; 



Vc > 0. 



ce u r ce 

sup < max^ 1, -, ccoe' 

se[o,A] c + s L C + A 

it is possible to choose cq > sufficiently small so that 

ce co7(r) 



sup • 



< 1. 



r>o c + 7(r) 
It follows, for Co chosen this way, that 
(21) ¥V + Vv <e- C0 ^((^ 2r +^ 2r ). 

By setting r = 2~'i? (i S N) and repeatedly applying (j2Tj) , we obtain 

i 



<^2-'fi + ^2-'ij < exp 



-co 5^7(2"^) 

3=1 



If / is such that I < log 2 (i?/p) < Z + 1, then p < 2~ l R < 2p and 

i 



f P + ^ P < ^2-'_r + i>2-iR < exp 



-00^7(2-^) 



(<PR + ^R)- 



Note that by Corollary I3T21 

<PR + ipR < cm R (u) < cM 2 r(u). 
In addition, the subadditivity of the harmonic capacity implies that 

7(2 _J i?) > ^2 ca P(^2i-jfl cap(B 2 - ]R \ Q) 



j'=i 



cap ( \ fi) cap(i? 2 -i_R \ 



2-'i? 



i— l 

£ 



cap(^ 2 - Jj? , \ fl) 
2-J'i? 



1 cap( J B i? , \0) 2 cap(5 2 - iJ? + cap(ff 2 - Ji? , \ 0) 



7? 



2-'i? 



2-^i? 



> _ 2 cap(B 2 - ifl \ Q) + 1 ca P( B 2-j_R \ 



2-'i? 



j=0 
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Since 



cap(B 2 -i R \ fi) 



<A, 

I , ,-, v ,1+1 



2~ l R 



E 

3=0 



cap(B 2 - jR \ fi) 1 ^ cap(B 2 i- Jfl \ fi) 



(2"J#) 2 



2~ j R 



> 



It. 



cap(B r \ 0)r 



! J2-3R 



we have 



exp 



i 

3 = 1 



< 



> 



exp 



cap(-B r \ fl)r 2 dr, 



-j / cap(B r \ ft)r~ 2 dr + 2c A 



Hence d20j follows with ci = ce 2c ° A and c 2 = co/4. 

Finally we consider the case p £ (R/2,R). By Corollary 

\Du(x)\ 2 



Ky)l 2 

which implies that 



nns„ F — 2/1 



■ <iir < cm p (u), Vy £ f2 D -B p , 



sup Ky)| 2 



f dx 
/ |^(a;)| 2 — < cM 2R {u). 
JnnB Fl 



In addition, 



cap(£ r \ fi)r" 2 dr < A r^ 1 dr = A log 2, 



sup Ky)| 2 



l^(-)l 2 n 

nns„ Fl 



exp 


h/ 




L 



ft/2 



c 2 / cap(i? r \ fi)r 2 dr 



< CiM 2 r(u) 



provided that d > ce C2Alog2 . 
Proof of Theorem 11.51 Consider the Dirichlet problem (0| 

Since / vanishes near the boundary, there exists R > such that / = in D B 2R 
By Lemma 13.51 

r f R - 

sup |w(a;)| 2 < c\M 2R (u) exp — c 2 / cap(S r \ 0)r 2 dr 
x£QnB„ [ Jp 



□ 



c 2 / cap(B r \ fi)r 2 dr 



and in particular, 

limsup |m(x)| 2 < c\M 2R (u) exp 
where the last equation follows from the divergence of the Wiener integral 

cap(i? r \ Vi)r~ 2 dr = oo. 
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Hence O is regular with respect to L. □ 
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